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LETTER TO THE EDITOR

Double wave description of a single relativistic free electron

Shang-Wu Qian, Xiang-You Huang and Jing-Shan Wang
Department of Physics, Peking University, Beijing, People’s Republic of China

Received 18 June 1986

Abstract. This letter introduces two wavefunctions to describe a single relativistic free
electron, from which we can obtain the value of an arbitrary physical quantity at any time
t. We see that the motion of free electrons is the same as that given by special relativity.

It is well known that in classical Hamiltonian mechanics a set of generalised coordinates
alone is not sufficient to describe a single system and a set of generalised momenta
must be added simultaneously, i.e. generalised coordinates and generalised momenta
together give the complete description of a single system. The situation is the same
in quantum mechanics, where a single wavefunction can only describe an ensemble
and it is not sufficient to describe a single system. The same conclusion is applicable
to its classical limit (Qian and Huang 1986). In a recent article (Huang 1986) we made
the suggestion of introducing two wavefunctions jointly to describe a free particle.
This suggestion will be called the ‘double wave description’ (Dwp). DWD describes a
single system completely and it can be readily generalised to non-relativistic quantum
mechanics and relativistic quantum mechanics as a whole. In this letter we shall only
use DWD to discuss a relativistic free electron.
Firstly, we consider the relativistic free electron with positive energy E,=

(m3c*+ c*p?)?=|E| and parallel spin. In this case one wavefunction is the de Broglie
wave with parameter x;:

L? X, 1)= 2(:;0) D po) exp( Po(xﬁ Xo) 1E+(hP0)t)

and another wavefunction is obtained by superposition of all possible positive energy
de Broglie waves with equal weight:

(1)

N _ E. A
Fy(x, f)=J‘_ dp AZIZ _(p) ) p)exp(ip(xh x")—i (hp) ) 2)
where (Merzbacher 1970)
1 0
uV(p) = 0 @ 1
P= e/ (moct+ E) u(p)= 0 €)
0 —ep/(moc*+ E..)
and
2.2 -1/2
N(p) = (1 L Py E+)2) . @
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These two waves can be combined to describe the motion of the relativistic free electron.
In pwp the physical quantity f measured for a single particle is assumed to be given
by

(f(1)y=Re I &l Ofi)(x, t) dx. (5)

From (5) we obtain the momentum, energy, position and velocity of the electron as
follows:

(p)=Re J b+ (x, t);ﬁ %w;ﬁ,)(x, t) dx = po (6)
(E)y=Re I b (X, t)ih% Wow (x, 1) dx = E.(po) ™
(x)=Re J‘ iy (x, xypl(x, 1) dx
=rest 3 | [ ap ax MNP

X CXP%{(P —po)xo+[E.(p)— E+(Po)]t}ih£ exP(%(P "Po)x>

Dol ( Mg )
=Xxo+— m=——————— (8)
" m J1=(v%/¢%)
dx\ R & € po
<dt>—ReJ¢(+)(x, I)E+P¢/po dX—E+Po—m- 9)

From (8) we can see that the motion of the electron is the same as that given by special

relativity, the initial position is x, and the constant velocity is po/m=

( po/ mo)[1 — v*/ c*)]"/%. This result cannot be obtained in the usual relativistic quantum

mechanics. The ensemble average of (5) gives
L/2

rd . 1 . 27Th 2 A
f=lim - j/ (f(1) dxo = lim == J Wp, Uy, dx (10)

-L/2

L/

which is obtained by the usual method. It should be noted that

{(x)=Re J i (x, )X Y (x, 1) dx

=(x +p—°t>2" % 5NN (p)u (po)]
ot Pye 0 p Polllp=p,

A=1,2

m2h2c6
SET (11)
¢

=(x)*+

Equation (11) tells us that the difference between + (x*) and (x) approximately equals
the Compton wavelength of the electron. For a relativistic free electron with positive
energy and antiparallel spin, we have the same result as that for positive energy and
parallel spin.
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For a relativistic free electron with negative energy E_= —|E| and parallel spin,
two wavefunctions in DwD are
N(po) ( Polx — Xo) E_(po)t)
3) u® 12
po (%, 1) === 1u"(po) exp P (12)
N plx— JE_(p)t
b= dp T L) expl 2O BN )
—c0 A= 34
where
—cp/(mc*—E_) 0
2_
O p) = 0 W (p) = cp/(mc*—E_) ' (14)
1 0
0 1
From the assumption of bwp
(fQ)= J"I” (x, D5 (x, 1) d (15)
we obtain the physical quantities of the electron as follows:
(P)=po (16)
(EY=E_(po)=—|E(po)l (17)
(x)=xo—=pot/m (18)
dx Po
£ 19
<dt> m (19)

Hence such a particle moves as if it has a negative mass. For a relativistic free electron
with negative energy and antiparallel spin, we have the same result as that for negative
energy and parallel spin.

Even though for the relativistic free electron we have

5 » mgh’c
(-x >—<X) - ZIE14 #0 (20)
we still have
(pH—=(py*=0 (21)

and hence the uncertainty relation has no effect for a single relativistic electron. It is
a statistical relation which is valid only for an ensemble.

From the above discussion we see that pwp is a deterministic theory which
compietely describes the motion of a single electron, whereas ordinary quantum
mechanics describes an ensemble only. The deterministic character of bwp is consistent
with Einstein’s stance on quantum mechanics. The statistical nature of ordinary
quantum mechanics comes from the incomplete description of a single system by one
wavefunction only.
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